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It is well known that a liquid with gas bubbles is an example of a nonlinear dispers ive medium, and the 
existence of s tat ionary perturbations in it is due to the mutual compensation of nonlinear and dispers ion ef- 
fects. In this case the nonlinearity of the g a s - l i q u i d  mixture is determined by the hydrodynamic nonlinearity, 
the nonlinearity of bubble oscil lations,  and the equation of state of the liquid component of the mixture.  The 
compressibi l i ty  of the mixture depends on the compressibi l i t ies  of its liquid and gas components. Stationary 
solutions of the sys tem of equations were obtained in [ 1-3] for a two-phase medium, including a second-orde r  
nonlinear equation of the Rayleigh type for an isolated cavity. It was assumed in these papers  that there is no 
bubble motion relative to the liquid, and that their number  per  unit volume of the mixture is constant. Besides,  
the hydrodynamics equations were l inearized in [2], and the liquid component of the mixture was assumed in- 
compressible  in [1]. Stationary solutions of the full sys tem of nonlinear equations of motion of a liquid with 
gas bubbles are  obtained in the present  paper with a single assumption: there is no bubble motion relat ive to 
the liquid. They a re  analyzedqual i ta t ively ,  and the effect of simultaneous account of the compress ib i l i ty  of the 
liquid component of the medium and of hydrodynamic nonlinearit ies is explained. 

Wave propation in a liquid with gas bubbles has been considered within the two-phase model suggested 
in [4, 5]. According to this model, the motion of a two-phase medium is described by the conservat ion equa- 
tions of mass ,  momentum, number of bubbles, and energy accura te ly  up to f i rs t  o rder  in the bulk concent ra-  
tion of the gas k. In the one-dimensional  case these equations can be represented in the form 

@lOt + O(pu)lOx = O, O(pz*)lO t + O(p + "pu~')lax = O, 

ONlOt + O(Nu)IOx ~ O, p = (t -- k)9, k ~- 42~NR313~ (1) 

Bd2B/dt 2 + (3/2)(dB/dt) ~ = [Po(Ro/B) 3v --P]/P(Po),  

where ~, u, p are  the medium density, velocity, and pressure ;  p, density of the liquid component of the mix-  
ture; P0 and Co, equilibrium values of the p re s su re  and speed of sound in the pure liquid; R 0 and k0, equili- 
br ium values of the bubble radius and bulk concentration of the gas; R, varying bubble radius; N, number  of 
bubbles per  unit volume; y, adiabatic index for the gas in the bubble; and d/dr = 3/0 t + u0/~x.  

We introduce the dimensionless variables  t' = too0, x' = xco0/c0, u = u 'c  0, p = p' p0ca0, P0 = P~000c~ , V = 
(R/R0) a, ~ =-P' P0, o0~ = 3yp0/o01R ~, P0 = D (P0) (in what follows the pr ime is omitted).  In this case the Teta 
equation [6] acquires the ~orm p - P0 = ( p n -  1)/n, where n is the adiabatic index for the liquid. This approach 
makes it possible to obtain for n = 1 a l inear equation of state, i.e., to consider  the acoustic approximation. 
For  n = 7.15 we have a nonlinear equation of state of the liquid. Due to the presence  of nonlinear convective 
terms in it, the sys tem of equations (1) is conveniently considered in Lagrangian coordinates.  After  t r ans -  
forming to the mass Lagrangian coordinate ~, this sys tem acquires the form 

@let  + 92au/O~ = o, OulOt + Op/O~ = o; (2) 

ok/at + U~OulO~ = (3klR)ORIOt, ~ -- ( 1 -  k)p; (3) 

02V/OP --  (V-V6)(OV/Ot)~ = V~/a(V -~ --P/Po)/'7. (4) 

We consider the stationary solutions of the system (2)-(4), i.e., solutions depending on ~ = ~ - ct, where 
c is a constant, equal to the velocity (in units of Co) of displacement of some perturbation in the medium. 
Equations relating all unknown quantities with the bubble volume V follows from (2), (3) for the stationary 

solutions: 

c(tt - -  u~) = p - -  p~, k =  mpV/( i  + mpV); 

p / P  + (i + n(p - -  po))-t/n ~-- B - -  mV, 

(5) 

(6) 
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w h e r e  u e, Pc, a s  we l l  a s  ke ,  V e i s  the g iven  s t a t e  of the  m e d i u m  fo r  s o m e  f ixed  va lue  ~ = ~?e. The v a l u e s  of  
the q u a n t i t i e s  m and B, c a l c u l a t e d  f r o m  the g iven  s t a t e  of the m e d i u m ,  equal  m = k e / ( ( 1  - k e ) V e P e ) ,  B = 
p e / c  2 + 1/P e + ke / ( (1  - k e) P c ) ,  w h e r e  pe  = (1 + n ( p  e - P0)) 1 / n  We po in t  out  tha t  fo r  a f ixed  so lu t i on  m and B 
a r e  c o n s t a n t s ,  i . e . ,  the v a l u e s  of  t h e s e  q u a n t i t i e s ,  c a l c u l a t e d  f r o m  the s t a t e  of  the m e d i u m  a t  a r b i t r a r y  po in t s  
of the wave  c o r r e s p o n d i n g  to th is  s o l u t i o n -  co inc ide .  F o r  the s t a t i o n a r y  so lu t i ons  r e l a t i o n s  (5) ,  (6) d e t e r m i n e  
the s e t  of p o s s i b l e  s t a t e s  of  the  m e d i u m  into which the g iven  s t a t e  can  evolve .  

The funct ion  V ( p ) ,  de f ined  by  Eq. (6) ,  has  a m a x i m u m  Vm a t  p = Pro, w h e r e  P m =  P0 + ( c 2 n / ( n +  1) _ 
1)/n,  whi le  d V / d p  < 0 fo r  p > Pro, and d V / d p  > 0 fo r  p < Pro. The i n v e r s e  func t ion  p ( V )  i s  de f ined  fo r  0 < 
V <- Vm, and has  two b r a n c h e s :  a r i g h t  one and a l e f t  one,  whe re ,  r e s p e c t i v e l y ,  p ~ Pm and p ~ P m .  The quan-  
t i t y  Pe d e t e r m i n e s  the b r a n c h  of  the func t ion  p (V),  on which the g iven  s t a t e  of  the m e d i u m  is  found. F o r  the 
l i n e a r  equa t ion  of  s t a t e  of  the l iqu id  (n = 1) th is  funct ion  has  the e x p l i c i t  shape  

P (  Ii} = Pc ~ (P~ §  c2/P~ - c2m( v - -  V~) +_ ]/-(9~ § c ~ / p ~ ' b 2 m (  V Vo)) ~ 4c ~ - -  2)/2, 

w h e r e  the r i g h t  b r a n c h  c o r r e s p o n d s  to the  p lus  s ign,  and the l e f t  one - to the minus  s ign.  We c o m p a r e  the  non-  
l i n e a r  d e p e n d e n c e  of V(p)  (6) ,  c o r r e s p o n d i n g  to the a c o u s t i c  a p p r o x i m a t i o n  fo r  the l iqu id  c o m p o n e n t  of the 
m e d i u m ,  with the s i m i l a r  d e p e n d e n c e s  ob ta ined  in [ 1 - 3 ] .  The h y d r o d y n a m i c  equa t ions  in [1] a r e  n o n l i n e a r ,  and 
the l iqu id  c o m p o n e n t  of the m e d i u m  is  i n c o m p r e s s i b l e .  In th is  c a s e  the r e l a t i o n  be tw e e n  V and p i s  l i n e a r ,  
whi le  fo r  a l l  e v a l u e s  d V / d p  < 0. If the h y d r o d y n a m i c  equa t ions  a r e  l i n e a r ,  bu t  the l iqu id  componen t  of the 
m e d i u m  i s  c o m p r e s s i b l e ,  then,  a s  shown in [2] ,  the r e l a t i o n  be tw e e n  V and p is  l i n e a r  too. The p r e s s u r e  d e -  
p e n d e n c e  of  the bubb le  v o l u m e ,  s i m i l a r  to tha t  ob ta ined  in [2] ,  fo l lows  f r o m  the l i n e a r  equa t ion  (2) ,  and i s  

V - -  Ve .= (p - -  P e ) ( c  2 - -  t ) lc~m. (7) 

In the p, V p l a n e  the s t r a i g h t  l ine  (7) is  t angen t  to the c u r v e  (6) a t  the po in t  (Pe, Ve) only  fo r  Pe = P0" F o r  
o t h e r  Pe v a l u e s  they  i n t e r s e c t  a t  th is  point .  L e t  c ~ > 1. Then  fo r  Pe < P m  (c2e < c2, c2e = (1 + n(p e - p0) (n+l) /n)  
the s i g n s  of the d e r i v a t i v e s  dV/dp of  the d e p e n d e n c e s  (6) ,  (7) co inc ide  fo r  p = Pe" If Pe -> Pro(  c2 ~ e2e), the 
s igns  of  t h e s e  d e r i v a t i v e s  a r e  d i f f e r e n t ,  i . e . ,  un l ike  (7), the bubb le  vo lume  d e c r e a s e s  with i n c r e a s i n g  p r e s s u r e  
in  (6) .  A s i m i l a r  d i s t i n c t i o n  in the b e h a v i o r  of  the bubb le  with v a r y i n g  p r e s s u r e  a l s o  o c c u r s  fo r  c 2 < 1 a t  
Pe < Pro. F o r  c 2 = 1 t h e r e  e x i s t s  no p r e s s u r e  d e p e n d e n c e  of the bubb le  vo lume  (7) ,  a s  wel l  a s  of  s t a t i o n a r y  
so lu t i ons  d i f f e r i n g  f r o m  the t r i v i a l  one,  fo r  which V = d V / d ~  = 0. In the n o n l i n e a r  c a s e  s t a t i o n a r y  so lu t ions  
can  a l s o  e x i s t  f o r  c 2 = L Unl ike  [1, 2] ,  fo r  a f ixed  v e l o c i t y  va lue  c the  s i gn  of  the d e r i v a t i v e  dV/dp in (6) can  
v a r y ,  i . e . ,  i f  t h e r e  e x i s t s  a s t a t i o n a r y  s o l u t i o n  in which p a c q u i r e s  v a l u e s  l a r g e r  and s m a l l e r  than  Pro, fo r  
th is  so lu t i on  the bubb le  vo lume  can  both i n c r e a s e '  and d e c r e a s e  with i n c r e a s i n g  p r e s s u r e ,  depend ing  on whe the r  
P < P m  o r  p > Pro. B e s i d e s ,  un l ike  [2] ,  the r e s t r i c t i o n  on the magn i tude  of the  bubble  vo lume  V <- Vm does  not  
fo l low f r o m  the s m a l l n e s s  cond i t ion  of  the  a c o u s t i c  Mach  n u m b e r ,  but  i s  a c o n s e q u e n c e  of  the n o n l i n e a r i t y  of 
the h y d r o d y n a m i c  equa t ions  and of  the c o m p r e s s i b i l i t y  of the  l iqu id  c o m p o n e n t  of  the m e d i u m .  Thus,  c o m p a r i -  
son of (6) with the s i m i l a r  d e p e n d e n c e s  V(p) ,  ob ta ined  in [1, 2] ,  shows  tha t  a c c oun t  of h y d r o d y n a m i c  non l in -  
e a r i t i e s  and of  the c o m p r e s s i b i l i t y  of  the l iquid  can  l e ad  not  only  to qua n t i t a t i ve ,  but  a l so  to q u a l i t a t i v e  changes  
in  the s t a t i o n a r y  so lu t i ons .  We note  tha t  a r e l a t i o n  b e t w e e n  V and p was ob ta ined  in  [3] fo r  s t a t i o n a r y  s o l u -  
t ions  with accoun t  of h y d r o d y n a m i c  n o n l i n e a r i t i e s  and l iqu id  c o m p r e s s i b i l i t y ,  but ,  a s  in [2] ,  i t  i s  l i n e a r  and has  
the f o r m  (7).  

V' = V / V e ,  m '  = roVe (the p r i m e s  a r e  o m i t t e d  a g a i n ) .  The f i r s t  i n t e g r a l  fo r  We i n t r o d u c e  the q u a n t i t i e s  
V ( ~ )  fo l lows  f r o m  Eq. (4) 

w h e r e  

is) 

u (v)  = - rap0 ( v 7  ~ ( v  1-~ - 1) + (r - t) i v  - 1 ) ) / ( v  - l) + (p - pc) • 

X (P + Pe - -  2Pc)/2c2 - -  [(P - -  P0 + 1) (t -{- n (p - -  pc)) - ~ / ~ -  (p ,  - -  Pc -[- 1)(1 + n (p ,  - -  po))-x/ '~]/(n - -  t); 

DZ - -  2/c~mypoV~/S; H _~p~/~s; Ve = dV/d~l  for *1 = ~b; 

and p (V)  is  de f ined  by  r e l a t i o n  (6) ( fo r  n = 1 the l a s t  t e r m  of U (V) a c q u i r e s  the f o r m  [in (1 + P - P 0 )  + 1 / (1  + 
P - P0) - In (1 + Pe - P0) - 1 / ( 1  + Pe - P0)]). Thus ,  the  s tudy  of wave  s t a b i l i z a t i o n  in a l iqu id  with gas  bubb le s  
r e d u c e s  to a s tudy  of  the so lu t i on  of  Eq.  (8) .  We e x p l a i n  the  e x i s t e n c e  of a bounded  so lu t ion  o f  th i s  equa t ion  
fo r  a f ixed  c va lue  and a g iven  s t a t e  of the  m e d i u m  Pe, Ve, ke ,  Ve. The r i g h t - h a n d  s ide  of  Eq. (8) d e s c r i b e s  a 
f a m i l y  of  c u r v e s  depend ing  on the p a r a m e t e r s  m,  Pe, Ve, e, H. A so lu t ion  of (8) m a y  e x i s t  for  t hose  p o r t i o n s  
of the  c u r v e s  f o r  which  the quan t i t y  U (V) + H is  nonnega t ive .  Th is  s e t  of c u r v e s  wi l l  be i n v e s t i g a t e d  b y  q u a l i -  
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ta t ive  methods .  F o r  this it is n e c e s s a r y  to know the shape of the funct ion  U (V) on the i n t e r v a l  (0, Vm] as a 
funct ion  of the p a r a m e t e r s  Pc, Ve, m, c. This  funct ion,  whose de r iva t i ve  is 

U! (V) = m (PoVjVV -~ - -  p (V)), (9) 

has the fol lowing p r o p e r t i e s  on the i n t e r v a l  und e r  c o n s i d e r a t i o n :  U (1) = 0, U"  (V) < 0 for  the lef t  b r a n c h  of 
p (V), while for  the r ight  b r a n c h  U "  (V) i n c r e a s e s  mono ton ica l l y  f r o m  - ~  to + ~ with i n c r e a s i n g  V. We find 
the condi t ions  for  which the re  is a t r a n s i t i o n  f r o m  one b r a n c h  of the funct ion p (V) to the o the r  a t  the point  
(Pro, Vm) of the p, V plane.  Unlike the t endency  to a s i m p l e  root,  the nonc ons t a n t  so lu t ion  of Eq. (8) tends  to 
a double root  of the func t ion  U (V) + H only a s y m p t o t i c a l l y  for V ~ ~ or  for  ~ + - ~ .  F o r  the m a x i m u m  value  
of the bubble  r ad ius  Vm = V(~?m) to be equal  to the exact  va lue  of the n o n c o n s t a n t  i n t e g r a l  (8) i t  is n e c e s s a r y  
that  U(V m)  + g = 0. Expanding  the i n d e t e r m i n a t e  f o r m  (U (V m) + H ) / ( d V ( P m ) / d p )  2, we find that  V'ff3t ~2 tends 

to the quantity--~2mc2(~n+l)/(~+~) U ' ( V m ) / ( 2 n + 2 ) v i t h  ~ ~ ~m (V ~ Vm, P ~ Pro). T h e r e f o r e ,  if Vm is a s i m p l e  
root  (U' (Vm) < 0), at  the m o m e n t  of t ime  ~ = ~m the re  is  a t r a n s i t i o n  f r o m  one b r a n c h  of the funct ion p(V) 

to the o ther  at  the point  (Pro' Vm) on the p, V v a r i a b l e  p lane .  At the s a m e  t ime,  ~ ' (~ )  is  cont inuous  at  ~ = 
Vm, s ince  the l i m i t s  of U' (V) when V tends  to Vm. f r o m  the lef t  and r igh t  b r a n c h e s  co inc ide .  If Vm is a 

double r o o t ( U ' ( V m )  = 0), then V ~ V m ,  P ~  Pm, P ~  0 a s y m p t o t i c a l l y  for  V--* ~ m , ~ m = ~ ~  or  77 m = - ~ .  

Obviously ,  U' (1) > 0 for  Pe -< 0, 0 < Ve < ~ .  Bes ides ,  for  any fixed value  of Pe > 0 the re  ex i s t s  a 
unique  ~ e '  such that  U'(1) > 0 for Ve < Ve,  U' (1) = 0 for  V e = V e, and U' (1) < 0 for  Ve > V e. To study the 
funct ion U(V) it  is  conven ien t  to divide  the whole se t  of p a r a m e t e r s  Pc, Ve into s u b s e t s :  Pe -< 0, 0 < Ve < ~ ;  
Pe > 0, Ve > Ve; Pe > 0, Ve = Ve; Pe > 0, Ve < ~e.  In this  case  the fixed ke value  is  a r b i t r a r y  wi thin  the model  
u n d e r  cons ide ra t i on .  The b r a n c h  of the funtc ion p (V), c o r r e s p o n d i n g  to a g iven  s ta te  of the m e d i u m ,  is  d e t e r -  
mined  by the r e l a t i o n  be tween  the quan t i t i e s  c 2 and c2e. T h e r e f o r e ,  for  g iven  va lues  of Pc, Ve we s tudy the 
qua l i t a t ive  n a t u r e  of the funct ion  U (V) in  th ree  ca se s ,  c o r r e s p o n d i n g  to the fol lowing v a r i a t i o n s :  c 2 : c 2 < CZe, 
c 2 = C2e , c 2 > C2e . We t u r n  now to c o n s i d e r  the se t s  men t ioned  above of the p a r a m e t e r s  Pe, Ve. 

Let  Pe - 0, 0 < V e < ~ ,  i .e . ,  U' (1) > 0. Us ing  the p r o p e r t i e s  of U(V) ,  we ve r i fy  that  for  the se t  of Pc, 
Ve cons ide red  the qua l i t a t ive  n a t u r e  of this  funct ion is as  r e p r e s e n t e d  on Fig.  la .  Curves  1, 2 c o r r e s p o n d  to 
the lef t  and r igh t  b r a n c h e s  of p (V) for  C 2 --  C~ for  0 < V-< ], Vm = 1, s i nc e  fo r  c 2 < C2e for  1 -< V <-- VmU'(V) > 
0, P m -  P -<- Pe we have the obvious inequa l i ty  p0V~/V - 7  - p > 0. The c u r ve  of U(V) for  c 2 < e 2 is  shown on 
Fig.  3. F o r  c 2> c 2 the shape of U(V) as a funct ion  of the c value is shown by c u r v e s  4 ' ,  4" ,  4 ' " .  F o r  c 2> 
C2e the r e l a t i o n  be tween  V and p is r e a l i z e d  by the lef t  b r a n c h  o f p ( V ) ,  for  which U"  (V) < 0. T h e r e f o r e ,  for  
the ex i s t ence  of a so lu t ion  (8) it  is su f f ic ien t  that  U1 (c 2) = U (Vm (c2)) <- 0. The shape of this  funct ion,  whose 
de r iva t i ve  is d U J  dc~ : (c~ ~/(~+~) - -  c*~/(~+~))[2'~t /"0k(t--V-~V-~2"~-(C $ ' n / ( ~ - ~ l ) e  ~n ] ~ k  e ~ C ~n/(;z%l)~ 2)ln]/2nc 4 , is i l l u s t r a t e d  s che -  
m a t i c a l l y  on Fig .  2a. It can be shown that  for a g iven  s ta te  Pc, Ve, ke the re  ex i s t s  a unique  value  c~ > (1 - 
nP0) {n+l)/'n such that  for  c2~ c~ the inequa l i ty  (U (Vm(C2)) <- 0. Thus ,  for  c 2 < c~ the re  ex i s t s  no so lu t ion  of Eq. 
(8) for the quan t i t i e s  unde r  c o n s i d e r a t i o n  Pc, Ve, ke and a r b i t r a r y  Ve (H) va lues .  F o r  an  a r b i t r a r y  fixed value  
c 2  >- c 2 the range  of a d m i s s i b l e  H va lues ,  for  which a so lu t ion  of Eq. (8) ex i s t s  for  g iven  Pc, Ve, k e, i s  d e t e r -  
mined  by the i nequa l i t y  0 -< H <_ - U 1 ( c 2 ) .  F o r  0 _< H < - U l ( c  2) the so lu t ion  of (8) is  pe r iod ic ,  with the r e l a t i on  
be tween  V and p r e a l i z e d  by the lef t  b r a n c h  of p (V). The qua l i t a t ive  n a t u r e  of this  so lu t ion  is  shown on Fig.  
2b. At  H = - U l ( c ~ ) ,  due to the fact  that  U' (V m) < 0 the re  is  a t r a n s i t i o n  f r o m  one b r a n c h  of p(V) to the o ther  
on the p, V v a r i a b l e  p lane .  In this  case  the re  o c c u r s  a t r a n s i t i o n  in the phase  p lane  (see Fig.  lb) at  the point  
V = Vm, V = 0 f r o m  one phase  t r a j e c t o r y ,  c o r r e s p o n d i n g  to one of the b r a n c h e s  of p (V), to ano the r  phase  t r a -  
j ec to ry ,  c o r r e s p o n d i n g  to the o the r  b r anch .  A graph  of U (V), for  which the r e l a t i o n  be tween  V and p is  r e a l i z e d  
by the r igh t  b r a n c h  of p ( V ) ,  i s  shown on Fig.  l a ,  cu rve  5. F o r  H = - U l ( c  2} the so lu t ion  is  a l so  pe r iod ic .  The 
shape of this  so lu t ion  is  shown on F ig .  2c. Unl ike  the so lu t ion  shOwn on Fig.  2b, it  is  c h a r a c t e r i s t i c  of this  
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so lu t ion  that  bubble  co l l apse  and expans ion  occ u r  twice du r ing  a per iod .  One of the co l l apses  occu r s  a t  the mo-  
m e n t  of m a x i m u m  p r e s s u r e  in  the med ium,  and the o the r  - du r ing  the d i l a ta t ion  phase  due to the i n e r t i a  p r o p e r -  
t ies  of a s s o c i a t e d  m a s s  of the bubble .  Thus,  for  Pe -< 0, 0 < Ve < oo and a r b i t r a r y  va lues  of ke, Ve no so lu t ion  
of (8) ex i s t s  for  c 2 _< (1 - np0)(~+t)/,,. It hence follows that  for  s t a t i o n a r y  so lu t ions ,  whose ve loc i t i e s  a r e  c 2 _< 
(1 - nP0)(,~+ivn , the p r e s s u r e  s a t i s f i e s  the i nequa l i t y  p - P0 > - P0, the m i n i m u m  sound p r e s s u r e  in  the m e d i u m ,  
by which s t a t i o n a r y  p e r t u r b a t i o n s  p ropaga te  with ve loc i t i e s  of the r ange  ment ioned ,  be ing  P0. 

Let  Pe > 0, V e > Ve, i .e . ,  U' (1) < 0. F o r  the g iven  se t  of p a r a m e t e r s  Pc, Ve the shape of U(V) is shown 
on Fig.  3. Curves  1, 2 c o r r e s p o n d  to the lef t  and r igh t  b r a n c h e s  o f p ( V )  for  c 2 = e2e: The so lu t ion  for  th is  ve -  
loc i ty  va lue  ex i s t s  for  H = 0, where  in this  case  Vm = 1. Its shape a g r e e s  qua l i t a t i ve ly  with the so lu t ion  i l l u s -  
t r a t ed  on Fig.  2c. F o r  c 2 < c 2 the shape  of U(V)  is  shown as  a funct ion of the c va lue  by cu rves  3 ' ,  3" ,  3 " ' .  It 
is  s een  f r o m  the p r o p e r t i e s  of the funct ion  U(V) that  for  a l l  c for which U' (Vm(C2)) >- 0 ( cu rves  3', 3 " )  there  

ex i s t s  a s ing le  value V1 E (1, Vm], such that U ' (V 1 ) = 0. F o r  these  c va lues  with 0_< H < - U  (V~) the so lu t ion  
of (8) is  pe r iod ic ,  qua l i t a t i ve ly  a g r e e i n g  with that  shown on Fig.  2b. F o r  H = - U  (V1) the so lu t ion  has the f o r m  of 

a so l i ton  (Fig.  2d).  F o r  H > -U(V1)  Eq. (8) has no so lu t ion  for  the c va lues  ment ioned .  F o r  c va lues  for  which 
U' (Vm (c2)) < 0 (curve  3 ' " ) ,  for  0 - H < - U  (Vm)  the so lu t ion  is  pe r iod ic ,  qua l i t a t i ve l y  in  a g r e e m e n t  with that  
i l l u s t r a t e d  on Fig.  2b (Fig.  2c) .  F o r  c 2 > C2e the shape of U(V) is  shown by cu rve  4. F o r  these  c va lues  at  
0-< H < - U ( V m )  (H = - U ( V m ) )  the so lu t ion  is  pe r iod ic ,  and i ts  s c h e m a t i c  shape is  g iven on Fig.  2b (Fig.  2c).  

Let  Pe > 0, Ve = Ve, i .e . ,  U'(1)  = 0. F o r  this  se t  of p a r a m e t e r s  Pc, Ve the shape of U(V) is  g iven  on 
Fig.  4. We note that  for  the Pc, Ve va lues  u n d e r  c o n s i d e r a t i o n  the r i gh t -hand  s ide of Eq. (4) va n i she s .  Curves  
1, 2 c o r r e s p o n d  to the lef t  and r igh t  b r a n c h e s  of p (V) for  c 2 = c 2. The so lu t ion  c o r r e s p o n d i n g  to the r igh t  
b r a n c h  is  a sol i ton ,  qua l i t a t i ve ly  in a g r e e m e n t  with that  i l l u s t r a t e d  on Fig.  2d. In this  case  ~?e = co or  qe = -  oo, 
H = 0. T h e r e  ex i s t s  no so lu t ion  c o r r e s p o n d i n g  to the lef t  b r anch .  F o r  c 2 < C2e the shape of U (V) as  a funct ion 
of the c va lue  is  s h o w n b y  c u r v e s  3, 4, 5', 5" ,  5 ' " .  F o r  c,  2 < c2< e 2, c ,  2 =yPeC2e/(ype + mc 2) ( U " ( 1 )  > 0, 
cu rve  3) the so lu t ion  is a sol i ton ,  with H = 0, Ne =co or  Ne = -o% F o r  c 2 = c~ (U" (1) = 0, cu rve  4) t he re  ex i s t s  
no solut ion.  F o r  c 2 < c 2 ( U " ( 1 )  < 0, c u r v e s  5', 5" ,  5 " ' )  a so lu t ion  ex i s t s  for  H > 0. F u r t h e r  s tudy for  c 2 < c 2 

is  p e r f o r m e d  s i m i l a r l y  to the ca se  Pe > 0, V e > ~ e  ( cu rves  3' ,  3" ,  3 " '  on Fig.  3). F o r  c 2 > C2e (curve  6) the 
so lu t ion  fo r  0 < H < - U  (Vm) (H = -U(Vm)} is pe r iod i c ,  in  qua l i t a t ive  a g r e e m e n t  with the one i l l u s t r a t e d  on Fig.  
2b (Fig.  2c) .  

Let  Pe > 0, V e < Ve, i .e . ,  U' (1) > 0 (VeYPe/p0 < 1). The s tudy  of ex i s t ence  of so lu t ions  for  c 2 ~- C2e is  c a r -  
r i ed  out s i m i l a r l y  to the case  pe <_ 0 ( cu rves  1, 2, 4 ' ,  4" ,  4 ' "  of Fig.  l a ) .  F o r  c 2 < C2e the shape of U(V) is  
shown on Fig.  5a. The i nequa l i t y  U' (V(p)) >i 0 is equ iva len t  to the inequa l i ty  
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pV~/po < ~ (p), (10) 

where  ~ (p) = (1 + ( ( P e - P ) / c 2 +  (1 + n(p  e -  p0)) - l / n -  (1 + n ( p -  p 0 ) ) - l / n ) / m ) - Y ,  and the function ~0 (p) in- 
c r e a s e s  monoton ica l ly  on the in te rva l  [Pro, Pe]- Bes ides ,  ~ (Pe) = 1, ~' (Pro) -- 0, ~b,, (p) > 0. If  ~' (Pe) -< V2e/P0, 
then inequal i ty  (10) is valid fo r  all p E [Pm, Pe] .  The inequal i ty  r  (Pe) ~ V~/P0 holds fo r  c 2 _ e~, c~ = c2e/ 
(1 + m c 2 e V ~ / y p o ) .  F o r  these  ve loc i ty  values  the shape of U (V) is shown by cu rve  6 on Fig.  5a. F o r  the Pe, Ve 
values  cons ide red  there  ex is t s  no solut ion for  c~ -< c 2 < C2e . Le t  e 2 < c~, i .e . ,  ~ ' ( P e )  > VeY/P0 �9 F o r  a fixed c 
value the der iva t ive  U'  (Vm (e2)) can be l a r g e r  than, equal, o r  s m a l l e r  than ze ro .  We c o n s i d e r  each of these  
ca se s .  Let  U' (Vm(C2)) > 0 (r (Pro) > PmVeY/P0). In this case  i t  fol lows f r o m  the p r o p e r t i e s  of the function 
q~(p) that  there  ex i s t s  a unique value p~ E [Pm, Pc] such that  ~0' (p~) = Vex/p0. The shape  of ~ (p) as  a func-  
tion of values  of  Pe, Ve, k e is shown on Fig.  5b by c u r v e s  1-3. Which of these  cu rves  c o r r e s p o n d s  to a given 
s ta te  of  the med ium is  d e t e r m i n e d  by  the r e l a t ion  be tween ~ (p~) and VeYp~/p0. If ~( p~ ) _> VeYp~/p0, c u r v e s  1, 
2, which lie above the s t r a igh t  l ine of  PVex/P0 hold. In that  ca se  U' (V(p)) >-0 on [1, Vm] ,  and the shape of 
U (V) c o r r e s p o n d s  to cu rves  1, 2 on Fig.  5a. T h e r e  ex is t s  no solut ion in this case .  If ~(p~) < Ve x P~/P0, cu rve  3 
(Fig. 5b) holds.  In this case ,  fo r  the ex is tence  of a solut ion it is  n e c e s s a r y  to d e t e r m i n e  the s ign of  U(V(pz)) 
(Fig.  5b). If U(V(pz))  -< 0, then fo r  0 <_ H < - U ( V ( p z ) )  the solut ion is pe r iod ic  (Fig.  2b), while fo r  H = -  
U(V(pz) )  the solut ion has the shape of a sol i ton  (Fig.  2d). In this case  the shape of  U (V) is  shown on cu rve  3 
of  Fig.  5a. Let  U(V(pz)) > 0. In this  case  the solut ion of  Eq. (8) does  not exis t .  Let  U'(Vm(e2)) = o, (~b(pm) = 
pmVYe/P0). The shapes  of U(V) and r a r e  shown for  this  value on F igs .  5a, b, r e s p e c t i v e l y ,  by c u r v e s  
4.  F o r  solut ions to exis t  it is  suff ic ient  that  U'(Vm(C2)) -< 0. F o r  0 -< H < - U ( V m )  the so lu t ion  is  

�9 pe r iod ic  (Fig. 2b), while for  H = - U ( V m )  a sol i ton o c c u r s  (Fig.  2d). Le t  U'(Vm(e2)) < 0 (r < 
PmVTe/P0. F o r  these  c va lues  the shapes  of  the funct ions U(V) and r a r e  shown by cu rves  5, r e s p e c -  
t ively,  on F igs .  5a, b.  Fo r  the e x i s t e n c e o f  solut ions  it is suff ic ient  that  U(Vm(C2)) < 0. In tha t  case ,  
fo r  0 <__ g > - U  (V m) (H = - U  (Vm)) the solut ion is in qual i ta t ive  a g r e e m e n t  with that  i l l u s t r a t ed  on Fig.  2b, c. 

Thus,  one can de t e rmine  the ex is tence  and qual i ta t ive  behav io r  of a s t a t i ona ry  pe r t u rba t i on  with an a r b i -  
t r a r y  fixed ve loc i ty  for  a given state  of the medium.  In this case  the solut ion of (8) fo r  g iven Pc, Ve, ke, Ve, 
and e fo r  which it  ex is t s  is wr i t t en  down impl ic i t ly :  

g 

l~n -~ ~ne= +- S y-l/, (u (y) + H)-"~au. 
1 

In conclus ion,  it is  n e c e s s a r y  to point  out the f ea tu res  of the solution,  r e l a t ed  to non l inea r i ty  e f fec ts  of 
the equation of s ta te  of the liquid component  of the medium.  In the p, V va r i ab le  plane the c u r v e s  (6) c o r r e -  
sponding to the l i nea r  and non l inea r  equat ion of  s ta te  of the liquid do not coinc ide .  In pa r t i cu l a r ,  the Pm values  
a r e  d i f ferent  f o r  e z ~ 1. The tangents  to these  cu rves  at  the point  (Pe, Ve) a r e  m ( V  - -  V~) := ((I + p~ --  p~)-2 __ 
c-~) (p  - -  p . ) ,  m ( g ' - -  ge)  = ((1 -t-" n(p~ - -  po) ) - ( '~J- I )m--c -" ) (p  - -  p~).  It  is  seen  that  fo r  Pe ~ P~ the s lopes  of  the tan-  
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gents are  different. This difference is most  important  for c 2 = 1. Therefore,  the solutions obtained with and 
without account of the nonlinearit ies of the equation of state of the liquid can differ f rom each other. Thus, 
Fig. 6 shows the dependence of the soliton amplitude on the square of its velocity (e 2 < c 2 <_ c2). Curve 1 
corresponds  to a l inear  equation of state of the liquid, and curve 2 - to the nonlinear. The equilibrium state of 
the medium at ~e = + ~ is of the form Pe = 2P0, VeT = Pc/P0 = 2, k e = 10 TM, Ve = 0, T = 1, 4, P0 = 105 Pa/p0c~ �9 
It is seen that for solitons whose velocit ies squared are  smal le r  than 0.9 the amplitude coincide for the l inear 
and nonlinear equations of state of the liquid. For  c 2 > 0.9 the amplitudes differ substantially. 

Thus, the exact solution of the nonlinear equations of motion of a liquid with gas bubbles has been ob- 
tained for one-dimensional  s tat ionary perturbat ions.  In this case account of the hydrodynamic nonlinearity and 
of the compress ib i l i ty  of the liquid component of the medium leads to an extended class of s tat ionary solutions. 

The author is grateful  to V. K. Kedrinskii  for his interest  in this work and for useful discussions.  
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PROBLEM OF NONSTATIONARY TRANSPORT 

PHENOMENA IN MULTIPHASE MEDIA 

Yu.  V. P e r v u s h i n  UDC 541.182:532.7:539.219.3 

Nonstat ionary t ranspor t  phenomena in multiphase medium in many ways are  determined by kinetic pro-  
cesses  at the interfaces.  The s implest  idealizations, introduced during F o u r i e r ' s  and Fick ' s  t imes, when in- 
terphase kinetics were given by the boundary conditions of the type 

O n J O R  = a~.~(nl - -  n.~)~, 

cannot ref lect  the basic features of t ranspor t  p rocesses  when the physical  conditions at the interfaces change 
considerably and rapidly. This especial ly concerns problems with mobile boundaries,  arising,  for example, in 
analyzing the kinetics of phase t ransformat ion  [ 1-5]. In the spherical  variant,  nonstat ionary effects ar ise ,  in 
par t icular ,  due to Laplacian p res su re ,  which is d e a r l y  related to the motion of the boundary (~ 1 /R (t)). 

We shall give a derivation of the general  type of boundary kinetics, based on the process  of one-dimen-  
sional t ranspor t  of a fixed component of mat ter  through the interface R of two media (phases), which is the 
surface of discontinuity for the concentrat ion field of the given component. We shall examine the model indi- 
cated schemat ical ly  in Fig. 1. It assumes  that the volume of the media can be separated into some elementary 
regions of molecular  size at and, in addition, they can vary  in time kineticaIly and deformationally,  i.e., a i = 
a i ( t ) .  For  solid media, the pa rame te r  a i  cor responds  to a constant lattice, while for gas media it corresponds 
to the free path of par t ic les .  We assume that the motion of par t ic les  occurs  in some potential field, whose av- 
erage rel ief  is shown schemat ica l ly  in Fig. 1. The presence  of external and internal fields introduces an 
a s y m m e t r y  into the potential rel ief  of the par t ic les ,  changing the kinetics of their t r ans fe r  in the forward and 
backward direct ions.  In what fo!lows, the average velocit ies of such random wandering Wi will be distinguished 
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